Abstract: This article uses basic homological methods for evaluating examples of compactly supported cohomology groups of line bundles over projective curve.
Introduction
Compactly supported cohomology groups play a key role in complex analysis. Vanishing properties are related to solvability of ∂ problem as well as analytic continuation problems ( [4] and [5] ). This article uses the Künneth formula and the additive property for finding examples of compactly supported cohomology groups. The additive property requires the definition of the inverse image of a sheaf, which is shorty explained in subsection 1.3. Compactly supported cohomology groups of C 1 , C * , C 2 \ {(0, 0)} and E −1 are evaluated in subsection 2.1 and of E k , the line bundles over P 1 , in subsection 2.
2. An example of a trivial bundle over P 1 can use he Künneth formula in place of the additive property, is presented in subsection 2.3. The following theorem shows the relationship between compactly supported cohomology groups and compactly supported Dolbeault cohomology groups. An alternate definition can be found in [2] . Note that if X is a compact manifold then
Definitions and Properties
c (X) denotes (a linear space of ) global holomorphic functions on X with compact support. Note that
c (X) can be seen as follows, where ω has a bidegree (0, 1):
{ω with compact support such that ∂ω = 0} {ω with compact support such that ∂f = ω for some f with compact support}
The Künneth Formula
The following exact sequences are obtained for each n separately. Theorem 1.2 If X and Y are locally compact Hausdorff spaces, with the sheaves F and G respectively and F * G = 0, then the sequence
Here * denotes the free product. Note if one of the factors is torsion free then the free product is 0.
The additive property
Compactly supported cohomology groups have all properties of a cohomology theory. The "additive" property, broadly used in the further part of the research, requires the notion of the inverse image of a sheaf.
Definition 1.2 (Inverse image)
Let f : A → B be a map and let G be a sheaf on B with canonical projection π : G → B. The inverse image sheaf f * G is defined as
In particular, if f is a closed embedding, the following theorem holds. 
is exact.
Examples for the Additive Property

Removing a point
Let us find compactly supported cohomology groups of C 1 using the representation
the exact sequence can be written as follows:
The global functions at ∞ with coefficients in O P 1 /O C 1 are those convergent series at ∞, which are 0 in a neighborhood of ∞, so they are the germs of holomorphic functions of one variable at ∞. The exact sequence gives
/C in this sense, that two germs f and g represent distinct elements of the group if f (∞) = g(∞). In other words:
where the series converges at infinity.
A similar procedure can be applied to
We could equivalently use C 1 = C * ∪ {0} and relate to the previous result. The additive property provides the following exact sequence:
where the series converge in a neighborhood of ∞ and 0, respectively.
Example 2.3
The group H * c (C 2 \ {(0, 0)}, O) can be found from the additive property. Let X = C 2 and
The only nontrivial groups remain:
where the series converges in some neighborhood of (0, 0).
We will start with a basic example of a line bundle over P 1 .
Example 2.4 Using the fact that E −1 = P 2 \ {p}, we can evaluate compactly supported cohomology groups of E −1 . The additive property gives the exact sequence:
Then the sequences converts to:
* O)/C, which in the terms of convergent series can be written as:
where the series converges near (0, 0) in the local coordinates.
Removing a Projective Curve
The total space of the line bundle E k with k ∈ Z consists of two coordinate patches X 1 ≃ C 2 and X 2 ≃ C 2 with coordinates (z 1 , w 1 ) and (z 2 , w 2 ) respectively, related on X 1 ∩ X 2 according to the rule z 1 = 1 z2 and w 1 = z k 2 w 2 . It is a well known fact that H 1 c (E k , O) = 0 for k > 0, nevertheless, we will present how to obtain this result using the additive property.
In the previous section we found compactly supported cohomology groups of E −1 using the representation E −1 = P 2 \ {p}, since E −1 can be obtained by removing a point from the projective plane. This is not true for other line bundles over P 1 . We will consider the Hirzebruch surfaces H k and the representation E −k = H k \P 1 .
The Hirzebruch surface H k consists of four coordinate patches X 0 , X 1 , X 2 , X 3 , ≃ C 2 with (z j , w j ) ∈ X j and the transition functions described below:
Let Y j ≃ P 1 and let us denote i j : Y j → H k with the following order:
Here Y 0 is a a projective curve in X 0 ∪ X 3 described by equations z 0 = 0 and
which proves that m = 0 so f does not depend on w 3 and
, an ∈ C}, where the series converges in a neighborhood of z 0 = 0. The following exact sequence
can be simplified to the sequences:
Note that Y 1 is a projective curve in X 0 ∪ X 1 described in the local coordinates as w 0 = 0 and w 1 = 0. If
The following exact sequence
Computations for Y 2 (that is a submanifold in X 1 ∪X 2 ) are similar to those for Y 0 and overall H 0 c (Y 2 , i * 2 O) = { n≥0 a n z n 1 , n ∈ C}, where the series converges in a neighborhood of z 1 = 0.
Note that Y 3 is a projective curve in X 2 ∪ X 3 described in local coordinates by w 2 = 0 and w 3 = 0. If f 3 (z 3 , w 3 ) ∈ i * 3 O then on X 2 ∩ X 3 : 
can be simplified to the following:
